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ON SEQUENCES CAT (fk)
YU. B. RUDYAK
Abstract. We prove that, for every decreasing sequence {ak} of
natural numbers, there exists a map f : X → X with cat fk = ak.
Let f : X → Y be a map of finite CW -spaces. An f -categorical set
is an open subset A of X such that f |A : A → Y is null-homotopic.
An f -categorical covering is a covering {Ai} of X such that every set
Ai is f -categorical. The Lusternik–Schnirelmann category cat f of f
is defined to be the minimal number k such that there exists a k-
elemented f -categorical covering, [3, 2, 1]. We also set catX = cat 1X .
Given a pointed space, we always denote its base point by ∗.
Proposition 1 ([1]). For every diagram
X
f
−−−→ Y
g
−−−→ Y.
we have: cat(gf) ≤ min{cat f, cat g}
Proof. Clearly, every f -categorical covering is gf -categorical one. Fur-
thermore, if {Ai} is a g-categorical covering then {f
−1(Ai)} is gf -
categorical covering.
Proposition 2 (cf. [3]). For two maps f : X → Y and g : A→ B we
have
cat(f ∨ g) = max{cat f, cat g}
where f ∨ g : X ∨A→ Y ∨ B is the wedge of f and g.
Proof. We assume that cat f = k and cat g = l with k ≥ l. Let
{U1, . . . , Uk} be an f -categorical covering and let {V1, . . . , Vl} be a g-
categorical covering. The image of Ui in X ∨ A will also be denoted
by Ui, and similarly for Vj. We can and shall assume that ∗ /∈ Vi for
i > 1 and ∗ /∈ Vj for j > 1. Then, clearly, Ui ∪ Vi, 1 < i ≤ l is an
f ∨ g-categorical set. Furthermore, since
(X ∨A) \ (U1 ∪ V1) = (X \ U1) ∪ (A \ V1),
we conclude that U1 ∪ V1 is open in X ∨ A, and therefore U1 ∪ V1 is
f ∨ g-categorical. Now,
U1 ∪ V1, . . . , Ul ∪ Vl, Ul+1, . . . , Uk
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is an f ∨ g-categorical covering.
Consider now a map f : X → X . Because of what we said above, the
sequence {cat(fk)} is a decreasing sequence of natural numbers. Here
we prove that, conversely, every such a sequence can be realized as the
sequence of the form cat fk. In other words, the following theorem
holds.
Theorem. Let {ak} be a sequence of natural numbers with ak ≥ ak+1.
Then there exists a self map f : X → X of a CW -space such that
cat(fk) = ak and catX = cat f = a1.
Proof. Clearly, every sequence {ak} as above stabilizes, i.e. there exists
m such that ak = ak+1 for k ≥ m. We set
D({ak}) = min{m
∣
∣ ak = ak+1 for k ≥ m}
and prove the theorem by induction on D({ak}).
For D = 1 the result is obvious. Namely, we take a space X with
catX = a1 (for example, the real projective space of dimension a1− 1)
and set f = 1X .
Now, suppose that the theorem holds for D = n, i.e. that for every
sequence {ck} with D({ck}) = n there exists a map f : X → X with
cat(fk) = ck. Consider a sequence {ak} with D({ak}) = n + 1 and set
bk = ak+1, k = 1, 2, . . . . Then D({bk}) = n, and so there exists a map
f : X → X with catX = b1 and cat(f
k) = bk.
Let Y be a pointed space with catY = a1, and let ε : Y → {∗} ⊂ Y
be the constant map. Consider the map
u : Y ∨ Y
1∨ε
−−−→ Y ∨ Y
pi
−−−→ Y = {∗} ∨ Y ⊂ Y ∨ Y
where pi = piY : Y ∨ Y → Y is the pinch map. Clearly, cat u ≤ cat Y .
On the other hand, since the composition
Y = Y ∨ {∗} ⊂ Y ∨ Y
u
−−−→ Y ∨ Y
pi
−−−→ Y
is the identity map, we conclude that, by Proposition 1, cat Y =
cat 1Y ≤ catu. Thus, cat u = cat Y = a1.
Consider the map
v : X ∨X
1∨f
−−−→ X ∨X
pi
−−−→ X = {∗} ∨X ⊂ X ∨X
and set g = u ∨ v : Y ∨ Y ∨X ∨X → Y ∨ Y ∨X ∨X . We claim that
cat(gk) = ak.
First, by Proposition 2, for k = 1 we have
cat g = max{catu, catv} = max{a1, cat v} = a1,
because cat v ≤ cat(X ∨X) = catX = b1 ≤ a1.
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Furthermore, we have cat gk = max{cat uk, cat vk}. But uk is the
constant map for k > 1, and hence cat gk = cat vk. So, it suffices to
prove that cat vk = cat fk−1 for k > 1.
It is easy to see that vk has the form
vk : X ∨X
fk−1∨fk
−−−−−→ X ∨X
pi
−−−→ X = {∗} ∨X ⊂ X ∨X.
So, by Propositions 1 and 2,
cat vk ≤ cat(fk−1 ∨ fk) = cat fk−1.
On the other hand, fk−1 can be decomposed as
fk−1 : X = X ∨ {∗} ⊂ X ∨X
vk
−−−→ X ∨X
pi
−−−→ X,
and so cat fk−1 ≤ cat vk. Thus, cat vk = cat fk−1.
Finally, cat(Y ∨ Y ∨ X ∨ X) = catY = a1 by Proposition 2. This
completes the proof.
Acknowledgment. I am grateful to Alexander Felshtyn for state-
ment of the problem: he asked me about properties of sequences of the
form cat fk.
References
[1] I. Berstein and T. Ganea, The category of a map and of a cohomology class.
Fund. Math. 50 (1961/1962) 265–279.
[2] A. I. Fet, A connection between the topological properties and the number of
extremals on a manifold (Russian). Doklady AN SSSR, 88 (1953), 415–417.
[3] R. Fox, On the Lusternik–Schnirelmann category. Ann. of Math. 42 (1941)
333–370.
[4] L. A. Lusternik and L. G. Schnirelmann, Me´thodes topologiques dans les
proble`mes variationnels. Hermann, Paris, 1934.
Yu. B. Rudyak, Department of Mathematics, University of Florida,
358 Little Hall, PO Box 118105 Gainesville, FL 32611-8105, USA
E-mail address : rudyak@math.ufl.edu
